Introduction
Flame propagation into turbulent droplet-laden mixtures plays a key role in several engineering applications including Internal Combustion engines, aero-gas turbines and the prediction and control of hazards. The experimental evidence [1, 2] suggests that flame propagation in turbulent droplet-laden mixtures is a complex physical process depending on the simultaneous interaction of evaporative heat and mass transfer, fluid dynamics and combustion thermo-chemistry. Recently, Direct Numerical Simulations (DNS) have made significant contributions to both the physical understanding and modelling of the combustion of turbulent droplet-laden mixtures [3, 4] . Neophytou and Mastorakos [5] recently analysed the effects of volatility, droplet diameter and droplet equivalence ratio on burning velocity in one-dimensional laminar flames where fuel is supplied in the form of mono-disperse droplets. The present analysis extends that of Neophytou and Mastorakos [5] for turbulent flames by carrying out three-dimensional compressible DNS of freely propagating turbulent flame propagation into droplet-laden mixtures. Here the DNS data has been used to analyse the effects of ′ , and on the statistical behaviour of the gradients of mixture fraction and reaction progress variable and their interdependence within the flame front when fuel is supplied in the form of droplets on the unburned gas side of the flame and to provide the physical explanations for the observed behaviour.
Mathematical Background and Numerical Implementation
A modified single-step Arrhenius-type chemical mechanism, where the activation energy and the heat of combustion are taken to be functions of the gaseous equivalence ratio to account for the correct equivalence ratio dependence of the unstrained laminar burning velocity, is used for the purpose of carrying out an extensive parametric DNS analysis without prohibitive computational cost. The Lewis numbers of all species are taken to be unity and all species in gaseous phase are considered to be perfect gases. Standard values have been used for the ratio of specific heats ( = ⁄ = 1.4, where ( ) is the gaseous specific heat at constant volume (pressure)) and Prandtl number ( = ⁄ = 0.7). The droplet transport equations are given by [3] :
where is the latent heat of vaporization, and , and are the relaxation timescales for droplet velocity, diameter and temperature respectively, which are defined as: 
where is the boiling point of the fuel at pressure and is assumed to be , and and are the molecular weights of oxidiser and fuel respectively. The droplets are coupled to the gaseous phase via additional source terms in the gaseous transport equations as shown below [3, 4] :
where = {1, , , , } for the conservation equations of mass, momentum, energy and mass fractions respectively, where is the velocity in the ℎ direction. The ̇ term corresponds to reaction rate and ̇ is the appropriate source term due to droplet evaporation, which is linearly interpolated from the droplet's sub-grid position, ⃗ , to the eight surrounding nodes. Other variables are , kinematic viscosity, and , an appropriate Schmidt number corresponding to . Droplet evaporation leads to mixture inhomogeneities, which can be characterised with the help of mixture fraction defined in terms of fuel and oxidiser mass fractions (i.e. and ): = ( − ⁄ + ∞ / )/( ∞ + ∞ ⁄ ), where ∞ = 1.0 is the fuel mass fraction in the pure fuel stream and ∞ = 0.233 is the oxidizer mass fraction in air. The hydrocarbon fuel used in this DNS analysis is n-heptane, 7 16 , for which = 3.52 and the stoichiometric fuel mass fraction and mixture fraction values are given by = = 0.0621. One can furthermore define a reaction progress variable, , based on a species mass fraction and mixture fraction so that rises monotonically from 0.0 in unburnt reactants to 1.0 in fully burnt products. In droplet combustion it is advantageous to employ an oxidiser-based reaction progress variable, which takes the following form [4] 
. A transport equation of of the form similar to Eq. 3 may then be derived, in which the reaction rate of may be defined as:
where 1 2 = ∇ 1 ⋅ ∇ 2 is the (cross-)scalar dissipation rate, for scalars 1 and 2 (here or ). It is evident from Eq. 4 that the evaluation of (cross-) scalar dissipation rates is essential to accurately model ̇. In the context of Reynolds averaged Navier-Stokes (RANS) simulations, the Favreaveraged (cross-) scalar dissipation rates, ̃1 2 = ∇ 1 ′′ ⋅ ∇ 2 ′′ ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ̅ ⁄ , must be modelled. Furthermore, in the context of RANS, the gradients of fluctuations are assumed to dominate over mean gradients, giving rise to the approximation ̃1 2 ≈ ∇ 1 ⋅ ∇ 2 ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ̅ ⁄ =̃1 2 , where ̃1 2 may be expressed in terms of the joint PDF of the scalar gradients as:
Equation 5 shows that the statistical behaviours of the scalar gradients, |∇ 1 | and |∇ 2 |, are of fundamental importance to the successful modelling of ̃1 2 . Thus, the scalars and and their gradients, |∇ | and |∇ |, in statistically planar turbulent flames propagating into a droplet mist have been investigated in the current analysis based on DNS data. Here a rectangular computational domain of size 30 ℎ × 20 ℎ × 20 ℎ has been considered for DNS simulations, where ℎ = ( − 0 ) max(|∇̂|) ⁄ (̂, 0 and are instantaneous dimensional temperature, unburned gas temperature and adiabatic flame temperature of the stoichiometric mixture respectively) is the unstrained thermal laminar flame thickness of the stoichiometric laminar flame, and the subscript refers to the values in an unstrained laminar premixed flame for the stoichiometric mixture. The simulation domain for the present analysis is discretised using a Cartesian grid of size 384 × 256 × 256 ensuring about 10 grid points within ℎ . This grid is also fine enough to resolve the Kolmogorov length scale . Partially non-reflecting boundary conditions are used for the mean direction of flame propagation (i.e. x-direction), while the y-and z-directions are considered to be periodic. The droplets are initially distributed uniformly in space throughout the y-and z-directions and in the region 0.0 ≤ / ℎ ≤ 10.0. The reacting flow field is initialised using the steady laminar solution for the required initial values of droplet diameter and droplet equivalence ratio , where a one-dimensional form of the governing equations for the gas and liquid phases are solved in a coupled manner for spray flames, where fuel is supplied in the form of mono-disperse droplets on the unburned gas side of the flame [5] . For the present analysis the unburned gas temperature is taken to be 0 =300K, which yields the heat release parameter = ( − 0 )/ 0 = 6.54, and the fuel is supplied purely in the form of mono-disperse droplets with non-dimensional diameters / ℎ = 0.06, 0. 
Results and Discussion
The instanteneous fields of non-dimensional temperature = (̂− 0 )/( − 0 ), mixture fraction and reaction progress variable in the central − midplane at ≈ 2 ℎ are shown in Fig. 1 for both ′ ⁄ = 4.0 and 7.5. However, only the fields arising from the smallest droplets ( ℎ ⁄ = 0.06) and droplet equivalence ratio ϕ d = 1.0 are shown. The droplets, depicted as black dots, are those residing in the cells immediately above or below the plane shown in the figure. Full size droplets enter the domain from the left-hand-side and can be seen to shrink in size due to evaporation as they approach the flame front, with some droplets actually penetrating the flame front to complete their evaporation in the burnt gas region. This phenomenon is especially noticeable in cases where the turbulent fluctuations are of greater magnitude and is also evident from the non-dimensional temperature field (left-hand pane) which shows greater inhomogeneities on the burnt gas side as the turbulent fluctuations increase. This is due to the evaporation of droplets which absorbs latent heat from the surrounding gas and thereby reduces the temperature. A comparison between the mixture fraction and reaction progress variable fields (middle and right-hand panes, respectively) reveals that the unburned gas side of the flame remains predominantly fuel-lean. This is true for all cases considered here. On the burnt gas side, however, the same comparison shows the existence of locally fuel-rich regions. These are the result of droplet penetration through the flame front; a phenomenon which is enhanced by the turbulent nature of the flow. The droplets continue to evaporate on the burnt gas side, but the evaporated gas is not consumed unless it diffuses back towards the flame front, leading to the development of the aforementioned fuel-rich regions. The PDFs of the mixture fraction are shown in Fig. 2 for all droplet sizes ( ℎ ⁄ = 0.06,0.08,0.10) and both turbulent intensities ( ′ ⁄ = 4.0,7.5) for one value of droplet equivalence ratio ( = 1.0) at several locations across the flame brush (̃= 0.1,0.5,0.9). Figure 2 shows that the nature of the PDFs varies significantly with position in the flame and that in all cases the most likely mixture shifts from fuel-lean on the unburnt gas side (̃= 0.1) to stoichiometric ( = 0.0621)/ fuel-rich on the burnt gas side (̃= 0.9). In the mid-region (̃= 0.5), smaller droplet cases exhibit a tendency to show stoichiometric/fuel-rich mixtures due to higher rate of evaporation, whereas larger droplet cases remain fuel-lean. Furthermore, the PDFs of for cases with lower turbulence intensity ( ′ ⁄ = 4.0), although following closely the PDFs of the cases with higher turbulence intensity ( ′ ⁄ = 7.5) both in shape and magnitude, show consistently a higher probability of a more fuel-lean mixture at all locations in the flame. In order to model the PDF of , a presumed -function PDF approach is often considered. The -function PDF of a scalar is defined as ( ; , ) = 1 ( , )
where ( 5 show that both qualitatively and quantitatively the log-normal distribution succeeds in capturing the PDFs of the DNS data. The only exception takes place at high values of |∇ | and |∇ | where there is insufficient data in the DNS dataset to accurately predict the value of the PDF and the regions with high probability of finding |∇ | ≈ 0 which lognormal distribution fails to predict. The discrepancy between the log-normal distribution and the tail of the scalar gradient PDFs is consistent with several previous findings in the context of passive scalar mixing, non-premixed and partially-premixed combustion (see Ref. [7] for further discussion). Finally, Other cases display the same qualitative behaviour. No clear correlation is apparent between |∇ | and |∇ |, which is consistent with a previous analysis [7] . Although the absence of correlation does not necessarily mean statistical independence, the similarity between (|∇ |, |∇ |) and (|∇ |) ⋅ (|∇ |) suggests that statistical independence of |∇ |
